Abstract: We propose mode couplers and converters based on dual-core hollow-core photonic bandgap fiber (HC-PBGF) structures, which might be potential solutions for integrated all-fiber multiplexers or demultiplexers of a mode-division multiplexed (MDM) transmission system using HC-PBGFs. Coupling properties of LP 01 and LP 11 mode in the mode coupler are investigated and applied to mode separators and polarization separators. Mode transition from LP 01 to LP 11 and LP 21 mode are demonstrated in the mode converter whose smaller core is expected as input end and matched with single-mode fiber. The coupling between fundamental mode and high-order modes is accomplished through the resonant effect, which is fulfilled by modifying the structure parameter of the smaller core. Such mode converters based on dual-core HC-PBGF could be a promising substitute for the free-space coupling device, which is costly and not suitable for integration design in MDM systems and other hollow-core fiber experiments and applications.
Introduction
Since the initially conceptual and practical demonstrations in 1990s, hollow-core photonic bandgap fibers (HC-PBGFs) have attracted enormous attention owing to their intriguing properties that are absent in the conventional solid fiber [1] . Air guidance in HC-PBGF provides it with low latency [2] , which is of great interest for various time-sensitive applications including intra-and inter-data center interconnection, high performance computing, high energy physics experiment, and data networks for the financial sector. In addition, the ultralow nonlinearity, low thermal sensitivity [3] , broad bandwidth along with the potential for ultralow transmission loss and intrinsic multimode nature have made HC-PBGF a promising candidate in the next-generation high speed and largecapacity optical transmission systems using mode-division multiplexed (MDM) technology [4] , which can overcome the "capacity crunch" of current single-mode fiber (SMF) networks imposed by the nonlinear effect [5] , [6] . Recently, massive experimental low latency, high capacity transmission systems based on HC-PBGF have been demonstrated both in the conventional C-band [2] , [4] , [7] , [8] and a new spectral band for telecommunications around 2 μm [9] - [11] . The shifting of the transmission band was introduced on account of the lowest predicted loss window of HC-PBGF lying around 2 μm [12] , [13] , within the working wavelength of Thulium-doped fiber amplifiers (TDFAs) [14] , [15] .
One of the most fundamental and essential issues in MDM transmission systems and other fiber experiments and applications is the mode multiplexer and de-multiplexer, the devices which realize mode conversion. Currently, multiplexers and de-multiplexers in HC-PBGF transmission systems commonly adopt free space coupling device, which reduce the integrity and flexibility of the system. Compared with spatial devices, an all-fiber structure is more convenient and compact. Fiber couplers utilizing resonant effect are widely investigated and applied. Mode selective couplers with conventional silica glass fibers or waveguides have been demonstrated and fabricated maturely in simulations and experiments [16] , [17] , and perform well as mode converters in applications on MDM transmission systems [18] - [20] and others [21] . Mode couplers or multiplexers with solid-core photonic crystal fiber structures have also been proposed and researched [22] , yet fiber couplers based on hollow-core fibers are less investigated. HC-PBGFs with larger core (19 or 37 cells) are intensively employed in MDM transmission owing to their lower loss and intrinsic multi-mode nature [4] . However, the core of such fiber is much larger than that of SMF, which makes it less compatible with current SMF transmission systems. As far as we are concerned, an all-fiber structure whose input end is commensurate with core size of SMF for mode-multiplexing in hollow-core fiber might be a more convenient and economical approach. Unlike the conventional fiber and solid core photonic crystal fiber whose mode properties can be varied through being filled with liquid and doping, the design of HC-PBGF for realizing the mode match for resonant condition is more difficult and limited.
In this letter, we propose potential dual-core HC-PBGF structures as solutions for all-fiber hollowcore fiber multiplexers and de-multiplexers. Mode couplers and mode converters based on symmetric and asymmetric dual-core HC-PBGF structures are demonstrated. Mode coupling of both LP 01 and LP 11 mode are analyzed in a symmetric 7-cell dual-core HC-PBGF coupler in detail, which can be used as polarization and mode separators. In the more interesting part, mode conversion from LP 01 to LP 11 and from LP 01 to LP 21 are demonstrated in 7, 19-cell dual-core HC-PBGF and 7, 37-cell dual-core HC-PBGF, respectively. The core diameter of the smaller 7-cell core in each structure is comparable with the core diameter of SMF. The resonant condition of modes in adjacent cores is realized by modifying the core parameter of the 7-cell core. Such structures are compatible with the current fiber communication systems, and provide a novel and potential approach to accomplish mode-multiplexing in HC-PBGF-based MDM transmission systems in an integration all-fiber structure. Fig. 1(a) shows the cross-section and the defined structure parameters in the vicinity of the 7-cell core. The structure of photonic crystal in the cladding is formed by a triangular arrangement of hexagonal air holes with the lattice constant = 3.86 μm, which is matched with the operating wavelength of TDFA. The air core is introduced into the HC-PBGF by removing 7 air holes from the cladding structure. The diameter of cladding air hole is d = 3.61 μm and the corners are rounded with circles of diameter d c = 0.44 and d c = 0.25 . The thickness of silica in cladding is T = 0.25 μm and the thickness of silica ring around the air core is t = 0.5 T, which assure that the fiber is less affected by surface modes (SMs) [23] , [24] . The curvature of the round corner of air core D c is a crucial parameter. Effective refractive index (n eff ) of LP 01 mode in this core can be varied by modifying D c , which can achieve the match of n eff between different modes in the asymmetric structures. Cross-sections of three different dual-core HC-PBGFs are shown in Fig. 1(b) -(d), and the length between the centers of the two cores of each structure is 4 , 5 , and 6 . All the structures are free from surface modes (SMs). The refractive index of air holes and background silica are 1 and 1.4384, respectively. The material dispersion is neglected since the light propagates mainly in air.
Structures and Method
The mode coupling of the dual-core HC-PBGF is investigated by a commercial full-vector finiteelement method software COMSOL. We obtain the effective index value and the field distribution of the eigenmodes. Only half of the structure is considered in the simulation, which is allowed by the geometrical symmetry of our structure.
The coupling properties of dual-core HC-PBGF are mainly characterized by coupling length L c , which is defined as
where n eff,e,i and n eff,o,i are the effective index of the i-polarized even and odd supermodes, respectively. λ is the vacuum wavelength.
Simulation Results
To begin with, we investigate the properties of guided modes in the single-core PBGFs with different core dimensions. Fig. 2(a) shows the n eff of different guided modes as well as the photonic bandgap (PBG) edges as a function of wavelength. We use circular air holes instead of hexagonal ones in a plane wave expansion (PWE) method software MPB to calculate the PBG approximately so that we can find the deviation between the n eff curves and PBG edges. Fig. 2(b) is the enlarged view of the top mode group. We can point out that the n eff values of LP 01 mode in 7-cell core and HOMs in larger cores are comparative over the approximate 200 nm bandwidth. However, since the dimensions of the two cores are diverse, the dispersion curves of modes in different cores are not identical. The coupling between the two cores with different dimensions occurs through the resonant effect between the two modes. Furthermore, a much better coupling phenomenon can be achieved at the specific wavelength only if the n eff values of the two modes are completely equal. As exhibited in Fig. 2(b) , the differential of the n eff curve slopes between LP 01 mode and HOMs promise the intersection of the two curves at the particular wavelength through appropriate design of the structures.
Mode Couplers
The coupling properties of dual-core PBGF are first researched in a symmetric structure, which has two 7-cell cores. The x-polarized and y-polarized LP 11 modes are no longer degenerated since the circular symmetry is destroyed drastically by the introduction of the two cores. So, we believe that modes with different polarizations have different coupling properties. Fig. 3(a) shows the coupling length of LP 01 mode as a function of wavelength. We can find a decoupling phenomenon in the y-polarized mode, which is coincident with ref. [25] . The discrepancy of coupling properties between different polarizations is remarkable. Furthermore, such a discrepancy is found in LP 11 mode. Fig. 3(b) shows the coupling length of LP 11a and LP 11b mode as a function of wavelength. The variation of coupling length of each mode is complicated, while the distinction between the two polarizations is obvious. From our perspective, properties such as decoupling and polarization dependence can be attributed to the effect of SMs, that SMs have different influence on x-and y-polarized supermodes. According to the aforementioned properties, we can accomplish the design of mode separators and polarization separators at the particular wavelength by employing such dual-core HC-PBGFs with appropriate fiber length. We demonstrate some fundamental design examples in Fig. 4 . Fig. 4(a), (b) , (c), and (d) show the separation of different polarizations of LP 01 mode, different polarizations of LP 11a mode, different polarizations of LP 11b mode, and separation of x-polarized LP 01 and LP 11a mode, respectively. The input and output ports are marked in each figure. The arrows represent the polarizations. Both modes distribute in the same core at the input end, while two modes separate from each other and distribute in different cores after propagating through the fiber. Owing to the scalability of PBG, we can fulfill such mode separators in any wavelength by modifying the dual-core PBGF in proportion. 
Mode Converters
Unlike the symmetric structure, dual-core PBGF with a different core dimension experienced a distinct coupling process. As we mentioned earlier, three mode's n eff are comparative and three curves experience intersection over the 200 nm bandwidth. The coupling between the two cores occurs through the resonant effect between the two modes. We can move the intersection point to the needed wavelength, which means we can attain the best coupling phenomenon at the specific wavelength. To fulfill the resonance condition, we should match the n eff values between LP 01 mode and HOMs. For such structures, the larger core is the expected output end while the smaller 7-cell core is proposed to be the input end and matched with SMF. Hence, modifying the parameter of the 7-cell core is a more appropriate and convenient approach to accomplish the match of n eff . As we mentioned earlier, n eff of LP 01 mode in the 7-cell core can be varied by altering the value of D c . around the core where SMs mainly locate in, the n eff curves of surface modes are varied. SMs can affect the guiding mode in the core through avoided crossing effect though SMs are not supported inside the PBG, and the position of the avoided crossing point shifts on account of the variation of SMs. Consequently, the n eff curve of guiding mode is regulated.
The n eff values of LP 11 mode in 19-cell core and LP 21 mode in 37-cell core at 1970 nm are also shown in Fig. 5 with red solid line and blue solid line, respectively. Eventually, we set D c = 1.7 in the 7, 19-cell structure and D c = 2.4 in the 7, 37-cell structure. The resonant condition we discussed here is applied to x-polarized LP 01 mode. Fig. 6(a) and (b) show the effective index values of supermodes of 7, 19-cell structure and 7, 37-cell structure over 200 nm, respectively. We also exhibit the distribution of supermodes in the two structures at 1970 nm. For each structure, the coupling process between LP 01 mode and LP 11 (LP 21 ) mode is characterized by three supermodes. The n eff curves of LP 01 mode in 7-cell core, x-polarized LP 11a (LP 21a ) mode, and y-polarized LP 11b (LP 21b ) mode in 19-cell core transform to curves of supermodes A, B and C through avoided crossing effect. The coupling between LP 01 mode and x-polarized LP 11a (LP 21a ) is relatively dominant over the 200 nm bandwidth, while conversion from LP 01 mode to y-polarized is not always as strong as the former, which is dependent on the distribution of supermode B. For example, at 1970 nm for the two structures, the different distributions of supermode B in 7-cell core determine that the coupling between LP 01 to y-polarized HOM is strong in 7, 37-cell structure and weak in 7, 19-cell structure. Fig. 7 (a) and (b) show the normalized energy of different polarized components of two structures as a function of propagating fiber length. We can easily find out that the x-component in 7-cell and 37-cell core represent x-polarized LP 01 and LP 11a (LP 21a ) mode, while the y-component in Fig. 8 . Mode conversion into both x-polarized LP 21a and y-polarized LP 21b in 7, 37-cell structure.
37-cell core represent y-polarized LP 11b (LP 21b ) mode. In these two processes, mode conversion from x-polarized LP 01 mode to x-polarized LP 11a and LP 21a is dominant. Transition of energy to y-polarized LP 11b and LP 21b mode exists, yet it is weak and negligible. But at some wavelength, the energy coupled into y-polarized HOMs is comparable with that of x-polarized HOMs, which cannot be ignored. Fig. 8 shows an example of such a circumstance in 7, 37-cell structure. It is intriguing that both x-polarized LP 11a mode and y-polarized LP 11b mode participate in the coupling process evidently, whereas the oscillating energy transition curves of two modes along the propagating fiber length are disparate. The oscillating period or the so-called coupling length of y-polarized LP 21b mode is roughly double that of x-polarized LP 11a mode. With such a property, we can selectively design a structure in which energy is transferred into i-polarized HOM alone.
The conversion from y-polarized LP 01 mode to HOMs is similar; consequently, we will not go into details.
Conclusion
In conclusion, we numerically studied the coupling properties of the dual-core PBGF structures we demonstrated, and proposed the mode coupler and mode converter based on such structures. Coupling process of both LP 01 and LP 11 modes were investigated in the mode coupler. The polarization dependence of mode coupling was utilized in mode separators and polarization separators in any wavelength under specific parameters. For the mode converter, we reported the transition from LP 01 mode in a smaller core to HOMs (LP 11 , LP 21 ) in a larger core, which was realized by modifying the parameter of the 7-cell core. The mode conversion in such a structure provides a novel and potential approach to achieve mode-multiplexing in HC-PBGF MDM systems.
Compared with the work presented before [25] , the dual-core PBGF structures we proposed here expand the decoupling phenomenon or the polarization dependence phenomenon to LP 11 mode and realized mode separators. What is more, unlike the previous researches on the conventional fiber couplers [16] , [17] or solid-core PBGF converters or multiplexers [22] , [26] , we firstly demonstrated mode conversion in hollow-core PBGF structures whose input cores are comparable with cores of SMF. Except for being a convenient and compact substitute of spatial device, the structures we raised here have several advantages over current mode-multiplexing device, including expanding the resonant couplers to the hollow-core fiber field, compatibility with SMF, and no need of complicated control system compared with photonic lantern. Over the past few years, long-haul and low loss HC-PBGFs have been manufactured experimentally [8] , [9] . We believe the fabrication of our mode couplers and converters based on dual-core HC-PBGF structure can be realized under appropriate methods and technology.
